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ON (CO)HOMOLOGY OF FROBENIUS POISSON ALGEBRAS
CAN ZHU, FRED VAN OYSTAEYEN, AND YINHUO ZHANG
Abstract. In this paper, we study Poisson (co)homology of a Frobenius Pois-
son algebra. More precisely, we show that there exists a duality between Pois-
son homology and Poisson cohomology of Frobenius Poisson algebras, similar
to that between Hochschild homology and Hochschild cohomology of Frobe-
nius algebras. Then we use the non-degenerated bilinear form on a unimodular
Frobenius Poisson algebra to construct a Batalin-Vilkovisky structure on the
Poisson cohomology ring making it into a Batalin-Vilkovisky algebra.
1. Introduction
In 1977, A. Lichnerowicz introduced Poisson cohomology of a Poisson algebra
[Lic77] (see also [Hue90] for an algebraic approach). This cohomology provides
valuable information about the Poisson structure, such as Casimir elements, Pois-
son derivations, Poisson deformations and so on. It has been shown in the smooth
case that Poisson (co)homology of a Poisson algebra has similar properties to those
of Hochschild (co)homology of a deformation quantization of a Poisson algebra
[HKR62, Bry88, Kas88, Kon03, LR07, Dol09]. So a natural question is whether
the same holds in the singular case as well. The aim of this paper is to establish
a duality between Poisson homology and Poisson cohomology of Poisson algebras
in the singular case and to construct a Batalin-Vilkovisky structure on the Poisson
cohomology ring, which makes it a Batalin-Vilkovisky algebra.
For a Frobenius algebra A with a Nakayama automorphism ν, it is known that there
is an isomorphism between Hochschild homology and Hochschild cohomology:
HHi(A,A)∗ ∼= HHi(A,A
ν), ∀i ∈ N,(1.1)
(see [CE56, p.120, Proposition 5.1], for example); here, ∗ stands for taking the
dual over k and Aν is an A-bimodule with the right action twisted by ν. In
[LR09], Launois and Richard study Poisson (co)homology of truncated polynomial
algebras in two variables and obtain an isomorphism between Poisson homology
and Poisson cohomology similar to that in (1.1), see [LR09]. Motivated by (1.1)
and the results in [LR09], we obtain an isomorphism between Poisson homology
and Poisson cohomology of Frobenius Poisson algebras as follows (Corollary 3.3):
Theorem 1. Let S be a Frobenius Poisson algebra. Then we have the following
isomorphism:
HPi(S, S)∗ ∼= HPi(S, Sσ),
2010 Mathematics Subject Classification. Primary 17B63, 17B35, 16E40.
Key words and phrases. Poisson algebra, Frobenius algebra, Poisson (co)homology, duality,
BV algebra.
1
2 CAN ZHU, FRED VAN OYSTAEYEN, AND YINHUO ZHANG
for all i ∈ N, where Sσ is the Poisson module induced by the Frobenius isomorphism
σ : S → S∗.
Note that a Frobenius Poisson algebra is always symmetric as an algebra. Thus,
the Nakayama automorphism is the identity map. However, Sσ is not necessarily
isomorphic to S as Poisson modules. Therefore, we introduce the notion of a
unimodular Frobenius Poisson algebra, that is, a Frobenius Poisson algebra such
that Sσ and S are isomorphic (see Section 4 for details).
For a Poisson algebra S, we denote by Xk(S) the space of all skew-symmetric k-
linear maps S⊗k → S that are derivations in each argument, and let X(S) :=
⊕kX
k(S). There is a cochain map on X(S) and the corresponding cohomology is
called the Poisson cohomology and denoted by HP•(S). It is known that X(S)
and the Poisson cohomology ring HP(S) := ⊕HP•(S) are Gerstenhaber algebras
[LPV13]. Moreover, a Batalin-Vilkovisky structure can be constructed on the Pois-
son cohomology ring of a unimodular Poisson manifold [Xu99]. Also, a Batalin-
Vilkovisky structure exists on the Hochschild cohomology ring of some algebras,
such as Calabi-Yau algebras [Gin06], symmetric Frobenius algebras [Tra08, Men04]
and preprojective algebras of Dynkin quivers [ES09, Eu10]. In the current paper,
we shall use the non-degenerated bilinear form on a Frobenius Poisson algebra to
prove the following (Theorem 4.5 and Theorem 4.10):
Theorem 2.
(1) Let S be a Frobenius Poisson algebra with the non-degenerated bilinear
form 〈−,−〉 : S ⊗ S → k. For P ∈ Xm(S)(m ≥ 1), let ∆(P ) ∈ Xm−1(S),
defined by the equation:
〈∆(P )(a1, · · · , am−1), am〉 = (−1)
m−1〈P (a1, · · · , am−1, am), 1〉.
Then (X(S),∆) is a Batalin-Vilkovisky algebra.
(2) If S is a unimodular Frobenius Poisson algebra, then (HP(S),∆) is a
Batalin-Vilkovisky algebra.
The paper is organized as follows. In Section 2, we recall some basic facts on Pois-
son algebras, Poisson modules and Poisson (co)homology. In Section 3, we prove
Theorem 1. In the last section, we introduce the notion of a unimodular Poisson
algebra and construct a Batalin-Vilkovisky structure on the Poisson cohomology
ring of a unimodular Poisson algebra.
Throughout the paper, k is a base field and all algebras are k-algebras; ∗ means
the dual over k and the unadorned ⊗ stands for ⊗
k
.
2. Preliminaries
This section deals with some basic facts on Poisson algebras, Poisson modules and
Poisson (co)homology.
By definition a Poisson algebra is a commutative k-algebra S equipped with a
bilinear map {−,−} : S ⊗ S → S (Poisson bracket) satisfying:
• {−,−} is a Lie bracket,
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• {−,−} is a derivation in each variable.
An algebra E is called a Frobenius algebra (not necessarily commutative) if there
is an isomorphism σ : E → E∗ as left modules. Equivalently, there is a non-
degenerate bilinear form, often called Frobenius pair, 〈−,−〉 : E × E → k such
that 〈ab, c〉 = 〈a, bc〉 for all a, b, c ∈ E (where the bilinear form is defined by
〈a, b〉 := σ(b)(a)). The isomorphism σ is often called a Frobenius isomorphism. By
the nondegeneracy of the bilinear form, there exists an automorphism ν, unique up
to an inner automorphism, such that
〈a, b〉 = 〈ν(b), a〉
for all a, b ∈ E. Thus, σ becomes an isomorphism of E-bimodules Eν → E∗. The
automorphism ν is called the Nakayama automorphism of E. For more detail, see
[Sm96]. The Frobenius Poisson algebras considered in this paper are defined as
follows:
Definition 2.1. A Poisson algebra S is called a Frobenius Poisson algebra if S as
an associative algebra is Frobenius.
Definition 2.2. [Oh99] A right Poisson module over a Poisson algebra S is a k-
vector space M endowed with two bilinear maps · and {−,−}M : M ⊗S →M such
that
(1) (M, ·) is a right module over the commutative algebra S,
(2) (M, {−,−}M) is a right module over the Lie algebra (S, {−,−}),
(3) {xa, b}M = {x, b}M · a+ x · {a, b} for all a, b ∈ S and x ∈M ,
(4) {x, ab}M = {x, a}M · b+ {x, b}M · a for all a, b ∈ S and x ∈M .
The notion of a left Poisson module is defined in a similar way. For a Poisson
algebra S, the space S has a natural right (also, left) Poisson module structure.
Given two right Poisson modules (M, ·, {−,−}M) and (N, ·, {−,−}N) over S, a
k-linear map f :M → N is called a morphism of Poisson modules if
f(m · s) = f(m) · s, f({m, s}M) = {f(m), s}N
for each m ∈ M and s ∈ S. The following two properties on Poisson modules are
straightforward.
Proposition 2.3. Suppose that (M, ·, {−,−}M) is a right Poisson module over
S. Then the following actions define a left Poisson module structure on M∗ :=
Hom
k
(M,k)
• s · α :M → k by (s · α)(m) := α(m · s),
• {s, α}M∗ :M → k by {s, α}M∗(m) := α({m, s}M )
for each s ∈ S, α ∈ M∗ and m ∈ M . Similarly, a left Poisson module M yields a
right Poisson module M∗.
Proposition 2.4. Let (N, ·, {−,−}N) be a right Poisson module over S and M be
a right S-module. Suppose that f :M → N is an isomorphism of S-modules. Then
there exists a right Poisson module structure on M given by:
{m, s}M := f
−1({f(m), s}N)
for each s ∈ S and m ∈M , such that f is an isomorphism of Poisson modules.
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Now, we recall the definition of Poisson homology and Poisson cohomology of a
Poisson algebra. Let S be a Poisson algebra. Write Ω1(S) for the S-module of
Ka¨hler differentials of S, and let Ω•(S) :=
∧•
S(Ω
1(S)) be the graded commutative
algebra of differential forms, equipped with the de Rham differential d:
d(a0da1 ∧ · · · ∧ dak) = da0 ∧ da1 ∧ · · · ∧ dak.
Let M be a right Poisson module over S. Then there is a chain complex on the
S-moduleM⊗SΩ
k(S). The boundary operator ∂k :M⊗SΩ
k(S)→M⊗SΩ
k−1(S)
is defined by:
∂k(m⊗da1 ∧ · · · ∧ dak) =
∑
1≤i≤k
(−1)i+1{m, ai}M ⊗ da1 ∧ · · · ∧ d̂ai ∧ · · · ∧ dak+
+
∑
1≤i<j≤k
(−1)i+jm⊗ d{ai, aj} ∧ da1 ∧ · · · ∧ d̂ai ∧ · · · ∧ d̂aj ∧ · · · ∧ dak,
where d denotes the exterior differential. It is easy to see that ∂k is well defined
and that ∂k−1∂k = 0. The homology of this complex is denoted by HP•(S,M) and
is called the Poisson homology of S with coefficients in M .
Denote by Xk(S) the space of all skew-symmetric k-linear maps S⊗k → S that are
derivations in each argument. Here, a map f : Sk → S is called skew-symmetric
if f(a1, · · · , ak) = ε(θ)f(aθ1 , · · · , aθk) for any permutation θ ∈ Sk, where ε(θ)
denotes its sign and θi stands for θ(i). There is a cochain complex (X
•(S), δ•),
where δk : X
k(S)→ Xk+1(S) is defined by:
δk(P )(y0, y1, · · · , yk) :=
∑
0≤i≤k
(−1)i{yi, P (y0, y1, · · · , ŷi, · · · yk)}+
+
∑
0≤i<j≤k
(−1)i+jP ({yi, yj}, y0, y1, · · · , ŷi, · · · ŷj , · · · , yk)
for all P ∈ Xk(S). It is not hard to check that δk(P ) belongs to X
k+1(S) and that
δk+1δk = 0. The cohomology of this complex is denoted by HP
•(S), and is called
the Poisson cohomology of S.
3. Duality between Poisson homology and Poisson cohomology
Let S be a finite dimensional Poisson algebra. By Proposition 2.3, the left Poisson
module S induces a right Poisson module structure on S∗. For a left Poisson module
M , there is cochain complex (HomS(Ω
•(S),M), δ′•), where δ
′
k : HomS(Ω
k(S),M)→
HomS(Ω
k+1(S),M) is given by
δ′k(g)(da0 ∧ da1∧ · · · ∧ dak) :=
∑
0≤i≤k
(−1)i{ai, g(da0 ∧ · · · ∧ d̂ai ∧ · · · ∧ dak)}M+
+
∑
0≤i<j≤k
(−1)i+jg(d{ai, aj} ∧ da0 ∧ · · · ∧ d̂ai ∧ · · · ∧ d̂aj ∧ · · · ∧ dak)
for all g ∈ HomS(Ω
k(S),M). We have the following:
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Proposition 3.1. LetM be a finite dimensional left Poisson module. The following
diagram is commutative for any k ∈ N:
HomS(Ω
k(S),M)
ϕ
//
δ′k

Hom
k
(M∗ ⊗S Ω
k(S),k)
∂∗k

HomS(Ω
k+1(S),M)
ϕ
// Hom
k
(M∗ ⊗S Ω
k+1(S),k),
where ϕ is the canonical isomorphism f 7→ ϕf defined by ϕf (α⊗ x) := α(f(x)) for
any x ∈ Ωk(S) and α ∈M∗.
Proof. It suffices to show that ϕδ′k(f) and ∂
∗
kϕ(f) define the same morphism from
M∗⊗SΩ
k+1(S) to k for any f ∈ HomS(Ω
k(S),M). Indeed, for any x = da0∧da1∧
· · · ∧ dak ∈ Ω
k+1(S) and α ∈M∗, we have:
ϕδ′k(f)(α⊗ x)
=α(δ′k(f)(x))
=
∑
0≤i≤k
(−1)iα({ai, f(da0 ∧ · · · ∧ d̂ai ∧ · · · ∧ dak)}M )+
+
∑
0≤i<j≤k
(−1)i+jαf(d{ai, aj} ∧ da0 ∧ · · · ∧ d̂ai ∧ · · · ∧ d̂aj ∧ · · · ∧ dak).
On the other hand, we have:
∂∗kϕ(f)(α ⊗ x)
=ϕf (∂k(α⊗ x))
=ϕf
( ∑
0≤i≤k
(−1)i{α, ai}M∗ ⊗ da0 ∧ · · · d̂ai ∧ · · · ∧ dak+
+
∑
0≤i<j≤k
(−1)i+jα⊗ d{ai, aj} ∧ da0 ∧ · · · ∧ d̂ai ∧ · · · ∧ d̂aj ∧ · · · ∧ dak
)
={α, ai}M∗
(
f(
∑
0≤i≤k
(−1)ida0 ∧ · · · d̂ai ∧ · · · ∧ dak)
)
+
+ α
(
f(
∑
0≤i<j≤k
(−1)i+jd{ai, aj} ∧ da0 ∧ · · · ∧ d̂ai ∧ · · · ∧ d̂aj ∧ · · · ∧ dak)
)
.
Hence, ϕδ′k(f)(α⊗x) = ∂
∗
kϕ(f)(α⊗x) by the Poisson module structure onM
∗. 
Now we can state the following duality:
Theorem 3.2. Let S be a finite dimensional Poisson algebra. Then, for all i ∈ N,
HPi(S, S)∗ ∼= HPi(S, S
∗).
Proof. LetM = S. It is easy to see that the cochain complex (HomS(Ω
•(S),M), δ′•)
coincides with the cochain complex (X•(S), δ•), where the latter is used to compute
the Poisson cohomology of S. Since Hom
k
(−,k) is an exact functor, it commutes
with the cohomological functors. Thus, by taking the cohomology of the columns in
the commutative diagram in Proposition 3.1, we obtain the isomorphism between
Poisson homology and Poisson cohomology. 
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Suppose that S is a Frobenius Poisson algebra. By definition we have an isomor-
phism of right S-modules σ : S → S∗. By Proposition 2.3, S∗ is a right Poisson
module. This right Poisson module structure on S∗ induces a right Poisson mod-
ule structure on S, see Proposition 2.4. In order to distinguish this right Poisson
module structure from the regular right Poisson module structure on S, we call it
the induced Poisson module structure, and denote it by Sσ. Note that a Frobenius
Poisson algebra is always symmetric as an algebra. Hence, Sσ and S are isomorphic
as S-modules. Following Theorem 3.2, we obtain the following duality:
Corollary 3.3. Let S be a Frobenius Poisson algebra. Then, for all i ∈ N, we
have:
HPi(S, S)∗ ∼= HPi(S, Sσ).
Below, we consider two examples of Frobenius Poisson algebras.
Example 3.4. First, let Λ be the Poisson algebra defined on algebra
k[x1, · · · , xn]/(x
2
i , 1 ≤ i ≤ n)
with the Poisson bracket given by {xi, xj} = xixj for i < j. The Poisson algebra
Λ is of dimenion 2n with a basis {1}
⋃
{xi1 · · ·xik |i1 < · · · < ik, {i1, · · · , ik} ⊆
{1, 2, · · · , n}}. The Frobenius isomorphism, σ : Λ→ Λ∗, is given by:
σ(1) :
n∑
k=0
∑
ci1,··· ,ikxi1 · · ·xik → c1,··· ,n,
where the second sum is taken over all elements in the above basis. Thus, by Propo-
sition 2.3, the induced right Poisson module Λσ is given by:
{xi, xj}Λσ :=


(n+ 2− 2j)xixj , i < j,
0, i = j,
(n− 2j)xjxi, i > j.
Hence, we have the isomorphism: HPi(Λ, Λ)∗ ∼= HPi(Λ, Λσ), for all i ∈ N.
Example 3.5. In [LR09], Launois and Richard study the Poisson algebra
Λ(a, b) := k[x, y]/(xa, yb)
with the Poisson bracket {x, y} = xy (a, b ≥ 2, two integers). As an algebra, Λ(a, b)
is a symmetric Frobenius algebra. By viewing Λ(a, b) as a semi-classical limit of the
quantum complete intersection, the authors constructed a Poisson module Λ(a, b)σ
and computed explicitly the Poisson (co)homology group point-wise. Their duality
theorem for Λ(a, b) now follows from Corollary 3.3:
HPi(Λ(a, b), Λ(a, b))∗ ∼= HPi(Λ(a, b), Λ(a, b)σ), for all i ∈ N.
Note that the above Poisson (co)homology group vanishes when i ≥ 3. The Frobe-
nius isomorphism σ : Λ(a, b)→ Λ(a, b)∗ of right Λ(a, b)-modules is defined by:
σ(1) :
∑
0≤i≤a−1
0≤j≤b−1
ci,jx
iyj → ca−1,b−1.
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The induced Poisson module Λ(a, b)σ is given by:
{xiyj , x}Λ(a,b)σ = (b − 1− j)x
i+1yj , {xiyj , y}Λ(a,b)σ = −(a− 1− i)x
iyj+1.
4. BV-structure
In this section, we investigate the Batalin-Vilkovisky structure on the Poisson co-
homology ring of a Frobenius Poisson algebra. The key point in this discussion is
the non-degenerated bilinear form which defines the Frobenius structure.
Definition 4.1. A Gerstenhaber algebra (A•,∧, [ , ]) is a Z-graded commutative
algebra (A,∧), together with a bracket [ , ] : A ⊗ A → A of degree −1 such that
the induced bracket of degree zero on the shifted graded space A•+1 is a graded Lie
algebra, satisfying the compatible condition:
[a ∧ b, c] = a ∧ [b, c] + (−1)(m−1)nb ∧ [a, c], a ∈ Am, b ∈ An, c ∈ A.
Definition 4.2. A Batalin-Vilkovisky (BV, for short) algebra is a triple (A•,∧,∆),
where (A,∧) is a Z-graded commutative algebra, and ∆ : A→ A is an operator of
degree −1 such that ∆2 = 0, and the bracket [ , ] defined by:
(4.1) −(−1)(m−1)n[a, b] := ∆(a∧b)−∆(a)∧b−(−1)ma∧∆(b)+(−1)ma∧∆(1)∧b
for a ∈ Am, b ∈ An, endows (A•,∧, [ , ]) with a Gerstenhaber algebra structure.
Here, 1 ∈ A0 is the identity of the algebra.
Remark 4.3. If there exists a degree −1 operator ∆ with ∆2 = 0 on a Gerstenhaber
algebra (A•,∧, [ , ]) such that the equation (4.1) holds, then A is a BV algebra.
Example 4.4. The Hochschild cohomology ring HH(A) of an associative algebra
is a Gerstenhaber algebra [Ger63]. If A is a Calabi-Yau or a symmetric Frobenius
algebra, HH(A) has a BV-structure [Gin06, Tra08, ES09].
Let S be a Poisson algebra and X(S) := ⊕iX
i(S). The wedge product ∧ : Xm(S)⊗
X
n(S)→ Xm+n(S) is given by:
(P ∧Q)(a1, · · · , am+n) :=
∑
θ∈Sm,n
ε(θ)P (aθ1 , · · · , aθm)Q(aθm+1 , · · · , aθm+n),
where Sm,n is the set of (m,n)-shuffle in the symmetric group Sm+n, i.e., the set
of permutations θ ∈ Sm+n satisfying θ1 < · · · < θm and θm+1 < · · · < θm+n. One
has the Schouten bracket:
[P,Q]S := P ◦Q− (−1)
(m−1)(n−1)Q ◦ P,
where the product ◦ is defined by:
(P ◦Q)(a1, · · · , am+n−1) :=
∑
θ∈Sm−1,n
ε(θ)P (Q(aθ1 , · · · , aθn), aθn+1 , · · · , aθm+n−1),
for all P ∈ Xm(S) and Q ∈ Xn(S). The triple (X(S),∧, [ , ]S) is a Gerstenhaber
algebra. Note that the wedge product and Schouten bracket induce two operations
on the cohomology ring such that HP(S) := ⊕HP•(S) has a Gerstenhaber algebra
structure [LPV13]. Such an algebra is called the Poisson cohomology ring.
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Theorem 4.5. Let S be a Frobenius Poisson algebra with a non-degenerated bilin-
ear form 〈−,−〉 : S ⊗ S → k. For P ∈ Xm(S) (m ≥ 1), define ∆(P ) ∈ Xm−1(S)
as follows:
〈∆(P )(a1, · · · , am−1), am〉 = (−1)
m−1〈P (a1, · · · , am−1, am), 1〉.
Then, (X(S),∧,∆) is a BV algebra.
Proof. It is obvious that ∆2 = 0. It remains to show that the following identity
holds:
(4.2) [P,Q]S = −(−1)
(m−1)n(∆(P ∧Q)−∆(P ) ∧Q− (−1)mP ∧∆(Q))
for any P ∈ Xm(S) and Q ∈ Xn(S). Given θ ∈ Sm,n, we have either θm = m + n
or θm+n = m+ n. Set:
(P ∧1 Q)(a1, · · · , am+n) :=
∑
θ∈Sm,n
θm=m+n
ε(θ)P (aθ1 , · · · , aθm)Q(aθm+1 , · · · , aθm+n),
and:
(P ∧2 Q)(a1, · · · , am+n) :=
∑
θ∈Sm,n
θm+n=m+n
ε(θ)P (aθ1 , · · · , aθm)Q(aθm+1 , · · · , aθm+n).
Then, P ∧Q = P ∧1 Q+ P ∧2 Q. We claim that the following identity holds:
(4.3) P ◦Q+ (−1)(m−1)n(∆(P ∧1 Q)−∆(P ) ∧Q) = 0.
Indeed, for any a1, · · · , am+n−1, am+n ∈ S, we have:
〈P ◦Q(a1, · · · , am+n−1), am+n〉
=
∑
η∈Sn,m−1
ε(η)〈P (Q(aη1 , · · · , aηn), aηn+1 , · · · , aηm+n−1), am+n〉
=
∑
η∈Sn,m−1
ε(η)〈P (Q(aη1 , · · · , aηn), aηn+1 , · · · , aηm+n−1)am+n, 1〉;
and:
〈∆(P ∧1 Q)(a1, · · · , am+n−1), am+n〉
=(−1)m+n−1〈(P ∧1 Q)(a1, · · · , am+n−1, am+n), 1〉
=(−1)m+n−1
∑
τ∈Sm,n
τm=m+n
ε(τ)〈P (aτ1 , · · · , aτm)Q(aτm+1 , · · · , aτm+n), 1〉.
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Moreover,
〈(∆(P ) ∧Q)(a1, · · · , am+n−1), am+n〉
=
∑
θ∈Sm−1,n
ε(θ)〈∆(P )(aθ1 , · · · , aθm−1)Q(aθm , · · · , aθm+n−1), am+n〉
=
∑
θ∈Sm−1,n
ε(θ)〈∆(P )(aθ1 , · · · , aθm−1), Q(aθm , · · · , aθm+n−1)am+n〉
=
∑
θ∈Sm−1,n
(−1)m−1ε(θ)〈P (aθ1 , · · · , aθm−1 , Q(aθm , · · · , aθm+n−1)am+n), 1〉
=
∑
θ∈Sm−1,n
(−1)m−1ε(θ)〈P (aθ1 , · · · , aθm−1 , Q(aθm , · · · , aθm+n−1))am+n, 1〉
+
∑
θ∈Sm−1,n
(−1)m−1ε(θ)〈P (aθ1 , · · · , aθm−1 , am+n)Q(aθm , · · · , aθm+n−1), 1〉.
Now for r distinct integers i1, · · · , ir, let (i1, · · · , ir) be the cyclic permutation
sending i1 to i2, · · · , ir−1 to ir and ir to i1. Then, the map θ ∈ Sm−1,n 7→ τ ∈ {τ ∈
Sm,n|τm = m+n} given by τ := θ◦ (m+n,m+n−1, · · · m) is well-defined and is a
bijection. In fact, it is easy to see that these two sets have the same cardinality and
the map is injective. Moreover, one has ε(τ) = (−1)nε(θ). Hence, by the change of
variables, we obtain:
(−1)m−1
∑
θ∈Sm−1,n
ε(θ)P (aθ1 , · · · , aθm−1 , am+n)Q(aθm , · · · , aθm+n−1)
=(−1)m+n−1
∑
τ∈Sm,n
τm=m+n
ε(τ)P (aτ1 , · · · , aτm)Q(aτm+1 , · · · , aτm+n).
Consider the map θ ∈ Sm−1,n 7→ η ∈ Sn,m−1 defined by:
η := θ ◦
(
1 2 · · · n n+ 1 n+ 2 · · · m+ n− 1
m m+ 1 · · · m+ n− 1 1 2 · · · m− 1
)
.
It is easy to see that the foregoing map is well-defined and is bijective. Furthermore,
we have ε(η) = (−1)n(m−1)ε(θ). Hence,∑
θ∈Sm−1,n
(−1)m−1ε(θ)P (aθ1 , · · · , aθm−1 , Q(aθm , · · · , aθm+n−1))am+n
=
∑
η∈Sn,m−1
(−1)(m−1)(n+1)ε(η)P (aηn+1 , · · · , aηm+n−1 , Q(aη1 , · · · , aηn))am+n.
Now the equation (4.3) follows from the fact that P is a skew-symmetric derivation
and that the bilinear form is non-degenerated.
Using a similar argument to the above one and the symmetry of the bilinear form
〈−,−〉, i.e., 〈ab, c〉 = 〈b, ca〉, one can obtain the second identity:
(4.4) Q ◦ P − (−1)m−1∆(P ∧2 Q)− P ∧∆(Q) = 0.
Now combining Equation (4.3) and Equation (4.4), one obtains Equation (4.2). 
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By definition, the operator ∆ satisfies the following commutative diagram:
X
k(S)
∆

⋆
// (Ωk(S))∗
d
∗

X
k−1(S)
⋆
// (Ωk−1(S))∗
where d∗ is the dual of de Rham differential and ⋆ is the canonical isomorphism
defined by
⋆(P )(a0da1 · · · dak) := 〈a0, P (a1, · · · , ak)〉.
Note that ∆ is similar to the divergence operator with respect to a volume form on
an orientable Poisson manifold in the smooth case.
For an orientable Poisson manifold M with the Poisson bivector field pi, the di-
vergence of pi is minus the modular vector field of pi which is a Poisson 1-cocycle
and the cohomology class of such a 1-cocycle is independent of the chosen volume
form. If this cohomology class is trivial, then M is said to be a unimodular Poisson
manifold. Stimulated by the above idea, we introduce the notion of a unimodular
Frobenius Poisson algebra.
Definition 4.6. Let S be a Frobenius Poisson algebra with the Poisson structure
pi, and let ∆ be the operator defined as above. If ∆(pi) = 0, then S is called a
unimodular Poisson algebra.
Proposition 4.7. For a Frobenius Poisson algebra S, the following are equivalent:
(1) S is unimodular;
(2) 〈{a, b}, c〉 = 〈b, {c, a}〉 for any a, b, c ∈ S;
(3) the Frobenius isomorphism σ : S → S∗ is a right Poisson module isomor-
phism.
Proof. (1) =⇒ (2). By definition, the unimodularity of S is equivalent to the
equation 〈{x, y}, 1〉 = 0 for any x, y ∈ S. Now if S is unimodular, then we have:
〈{a, b}, c〉 − 〈b, {c, a}〉 = 〈{a, b}c, 1〉 − 〈{c, a}b, 1〉
= 〈{a, b}c, 1〉+ 〈{a, c}b, 1〉
= 〈{a, bc}, 1〉 = 0.
(2) =⇒ (1) is obvious. For the equivalence (2) ⇐⇒ (3), we note that σ : S → S∗
is a right Poisson module homomorphism if and only if σ({x, y}S) = {σ(x), y}S∗
holds in S∗ for any x, y ∈ S. That is,
〈{y, z}, x〉 = 〈z, {x, y}〉
for any x, y, z ∈ S. Hence, (2)⇐⇒ (3) follows. 
Remark 4.8. (1) The algebras Λ and Λ(a, b) described in Example 3.4 and
Example 3.5 are not unimodular.
(2) For a unimodular Poisson algebra S, the induced Poisson module Sσ is
isomorphic to S as right Poisson modules. It follows from Theorem 3.3
that the duality below holds:
HPi(S, S)∗ ∼= HPi(S, S), ∀i ∈ N.
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Example 4.9. Let S be the Poisson algebra on
k[x, y, z]/(x2, y2, z2),
with the Poisson bracket defined by:
{x, y} : = xy,
{y, z} : = yz,
{x, z} : = −xz.
Then, S is a unimodular Poisson algebra.
Theorem 4.10. Let S be a unimodular Poisson algebra. Then ∆ induces an
operator on Poisson cohomology HP•(S) whose square is zero. Furthermore, for
α ∈ HPm(S), β ∈ HPn(S), the following identity holds,
[α, β]S = −(−1)
(m−1)n(∆(α ∧ β)−∆(α) ∧ β − (−1)mα ∧∆(β)).
Equivalently, the Poisson cohomology ring HP(S) has a BV algebra structure.
Proof. First of all, we show that the operator ∆ commutes with the coboundary
operator δ on the cochain complex (X•(S), δ•). It is clear that ∆δ(P ) = 0 for
P ∈ X0(S). Now, for each P ∈ Xm(S)(m ≥ 1), we claim that (δ∆+ ∆δ)(P ) = 0.
Indeed, for any a0, · · · , am−1, x ∈ S, we have:
〈∆δ(P )(a0, · · · , am−1), x〉
=(−1)m〈δ(P )(a0, · · · , am−1, x), 1〉
=(−1)m
∑
0≤i≤m−1
(−1)i〈{ai, P (a0, · · · , âi, · · · , am−1, x)}, 1〉
+ (−1)m(−1)m〈{x, P (a0, · · · , am−1, x)}, 1〉
+ (−1)m
∑
0≤i<j≤m−1
(−1)i+j〈P ({ai, aj}, a0, · · · , âi, · · · âj , · · · , am−1, x), 1〉
+ (−1)m
∑
0≤i≤m−1
(−1)i+m〈P ({ai, x}, a0, · · · , âi, am−1), 1〉.
The first two terms of the above sum are equal to zero because of the identity in
Proposition 4.7 (2). On the other hand, we have:
〈δ∆(P )(a0, · · · , am−1), x〉
=
∑
0≤i≤m−1
(−1)i〈{ai,∆(P )(a0, · · · , âi, · · · , am−1)}, x〉
+
∑
0≤i<j≤m−1
(−1)i+j〈∆(P )({ai, aj}, a0, · · · , âi, · · · âj , · · · , am−1), x〉
=
∑
0≤i≤m−1
(−1)i〈∆(P )(a0, · · · , âi, · · · , am−1), {x, ai}〉 by Proposition4.7(2)
+
∑
0≤i<j≤m−1
(−1)i+j(−1)m−1〈P ({ai, aj}, a0, · · · , âi, · · · âj , · · · , am−1, x), 1〉.
It follows that:
〈∆δ(P )(a0, · · · , am−1), x〉 = −〈δ∆(P )(a0, · · · , am−1), x〉.
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Thus, by the non-degeneracy of the bilinear form, one obtains ∆δ(P ) = −δ∆(P ).
Therefore, ∆ induces an operator on the Poisson cohomology HP•(S). The rest is
clear in view of Theorem 4.5. 
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